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Abstract
We establish a general formalism of the bulk spin polarization (BSP) and the
current-based spin polarization (CSP) for mesoscopic ferromagnetic and spin-orbit
interaction (SOI) semiconducting systems. Based on this formalism, we reveal the
basic properties of BSP and CSP and their relationships. The BSP describes the
intrinsic spin polarized properties of devices. The CSP depends on both intrinsic
parameters of device and the incident current. For the non-spin-polarized incident
current with the in-phase spin-phase coherence, CSP equals to BSP. We give analyt-
ically the BSP and CSP of several typical nano device models, ferromagnetic nano
wire, Rashba nano wire and rings. These results provide basic physical behaviors of
BSP and CSP and their relationships.
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1 Introduction
The spin degree freedom of electron promises great opportunities for a new
paradigm of nanodevices and opens some fundamental issues in condensed
matter physics. The spin current generation, spin orientation control and ma-
nipulation become challenging problems for spintronics. [1] The spin current
can be induced by the spin-orbit interaction (SOI) in some low-dimensional
semiconductors [2], such as Rashba effect due to the structure inversion asymmetry[3]
and Dresselhaus effect due to the bulk inversion asymmetry. [4] Especially the
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Rashba SOI can be modulated electrically in some semiconductor materials
such as InAs/GaSb, AlSb/InAs, GaAs/GaAlAs heterostructures, [5] which of-
fers great potential applications. One of key problems is how to measure the
spin polarization in semiconductors. Theoretically, there are two definitions of
spin polarization wildly used in the early study on the spin-dependent elec-
tronic transport in ferromagnetic metals and heterostructures[6]. One is called
the bulk spin polarization (BSP) defined by [6]
Pg =
g↑ − g↓
g↑ + g↓
(1)
where g↑(↓) is the spin-dependent conductance. This definition of spin polar-
ization reflects an intrinsic material property. It depends on the electron pop-
ulation and mobility in two spin states. The other spin polarization is defined
based on the spin current,[6]
Pj =
j↑ − j↓
j↑ + j↓
(2)
where j↑(↓) is the spin-dependent current. This definition of spin polarization
measures the asymmetry of spin-up and -down currents. It may be regarded as
the current-based spin polarization (CSP). In a homogeneous material with an
electric bias Pg = Pj . However, when the conductances of interfaces between
different material mismatch, Pg 6= Pj. [6] Actually, there are still arguments on
how to measure the spin polarization of the spin-dependent transports through
the interfaces of different ferromagnetic metals [7], especially through the in-
terface of ferromagnetic metals and nonmagnetic semiconductors.[6] Hence, it
should be careful for the cases of Pg 6= Pj. The questions are what are physical
conditions for Pg = Pj and what is difference between BSP and CSP.
In this paper, we will establish a formalism of spin polarization for ferromag-
netic and mesoscopic SOI systems and analytically give the basic properties
of BSP and CSP in ferromagnetic and SOI semiconductor systems. We will
find a general relationship between BSP and CSP for both of the systems.
In Sec. II, making use of the wavefunction matching method, we obtain the
general formalism of spin polarization in mesoscopic systems and give the an-
alytic expressions of BSP and CSP as well as their relationships. In Sec. III,
the general formalism of spin polarization is applied to some typical models of
nano devices. Finally, we will give discussion and conclusion in Sec. IV. Some
mathematical derivations will be given in the appendices.
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2 Formalism of spin polarization
The elementary model of spintronics devices consists of three parts, the cen-
tral device, the left and right electrodes. The spin-dependent incident current
from the left electrode goes through the device to the right electrode. The
basic physical issue is how to control the spin current and how to measure
the spin polarization of this system. We may ask two basic questions: what
is difference between the BSP and CSP? How does the central part affect the
spin-dependent incident current? To reveal the basic physics of spin polariza-
tion, we consider only a single mode quantum contact with electrodes at Fermi
energy. The spin-dependent conductance is proportional to the transmission
coefficient, gσ = e
2
h
|T σ|2, where T σ is the spin-σ transmission coefficient, which
reflects an intrinsic electronic transport property of the device. Thus, the BSP
can be written as
Pg =
|T ↑|2 − |T ↓|2
|T ↑|2 + |T ↓|2 (3)
The spin-dependent current is defined by jσµ = eRe(ψ
σ
µv
σ
µψ
σ
µ), where µ ≡
in, out and c label the left, the right and the central parts. The velocity op-
erators are given by vσ = ∂H
∂p
. In general, the Hamiltonian of heterojunction
is[8]
H = −~
2∇2
2m∗µ
+ Vµ +∆µ · σ, (4)
We consider that the spin states are degenerate, ∆ℓ(r) = 0 in the electrodes
for common metals. The Bloch wave functions of electrons in general are[9,10]
Ψin(x) =
∑
σ
(Aσeikx +Bσe−ikx)χσin (5)
for incident (left lead) x < 0,
Ψc(x) =
∑
σ
(uσeik
σ
+
x + vσeik
σ
−x)χσc (6)
for device (central) x ∈ (0, L), and
Ψout(x) =
∑
σ
tσeikxχσout (7)
for outgoing (right lead) x > L, where L is the size of the device. Thus, the
spin-dependent current can be expressed as jσin = k|Aσ|2 and jσout = k|tσ|2. We
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have tσ = T σAσ. Consequently, the CSP becomes
Pj,out =
|T ↑|2|A↑|2 − |T ↓|2|A↓|2
|T ↑|2|A↑|2 + |T ↓|2|A↓|2 (8)
Pj,in =
|A↑|2 − |A↓|2
|A↑|2 + |A↓|2 (9)
The CSP depends on the amplitude of the incident current. In general, the
BSP is not equal to CSP, Pj 6= Pg. It should be noted that the transmission
coefficient T σ depends on the Hamiltonian of the device.
For the ferromagnetic device, the spin wavefunction can be written as χσµ =
(1 + σ, 1 − σ)⊤/2 and σ = ±1 labels spin states. The transmission coefficient
has a diagonal matrix form, Tf = diag(T
↑
f , T
↓
f ), and T
σ
f =
tσ
f
Aσ
f
. The BSP in
Eq.(3) can be rewritten as
P fg =
Tr(Ωf)
Tr(Df)
(10)
where Ωf = T †fσzTf , and D
f = T †fTf , where the index f labels the ferromag-
netic device. In order to find out the relationship between the incident and
outgoing currents, we parameterize the amplitudes of the incident wavefunc-
tion by ξ and q as A↑f = |A↑f |eiξ↑ = eiξ↑ cos q2 , A↓f = |A↓f |eiξ↓ = eiξ↓ sin q2 and
A↑∗f A
↓
f =
eiξ
2
sin q, where ξ = ξ↓−ξ↑ and q ∈ (0, π). Thus, we have Pj,in = cos q,
namely the CSP of incident current can be described by the parameter q. The
outgoing CSP can be expressed as (see Appendix A)
P fj,out =
Tr[Ωf(1 + σn)]
Tr[Df(1 + σn]
(11)
where σn = σ · n, where n = (sin q cos ξ, sin q sin ξ, cos q) is a unit vector on
S2, and σ is Pauli matrix.
For the SOI semiconductor device, the spin wavefunction of the device can be
solved for given Hamiltonian, but usually χσc 6= (1 + σ, 1− σ)⊤/2. In order to
match the wave functions between the device and electrodes, usually one can
make a unitary transformation U from the spinor basis to the σz basis[9,10] to
give the transmission amplitude ts = Ut ≡ (t↑s, t↓s)⊤, and the incident ampli-
tude As = UA ≡ (A↑s, A↓s)⊤, where the index s labels the SOI semiconductor
device. Thus, the spin-dependent current can be expressed as jσin = k|Aσs |2
and jσout = k|tσs |2, where ts = TsAs, Ts = UTU †, T = diag(T ↑, T ↓), and
T σ = t
σ
Aσ
. The spin-dependent conductance can be written by gσ = e
2
h
|T σs |2,
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where T ↑s = Ts,11 + Ts,12 and T
↓
s = Ts,21 + Ts,22. Thus, the BSP for SOI semi-
conductor devices can be obtained as (see Appendix B)
P sg =
Tr[Ωs(1 + σx)]
Tr[Ds(1 + σx)]
(12)
where Ωs = T †sσzTs, and D
s = T †sTs. Similarly, we parameterize A
σ
s and obtain
P sj,in = cos q, where q ∈ (0, π). Using the spin-dependent outgoing current and
the matrix form of the transmission coefficient Ts, we can also give the CSP
for SOI semiconducting devices, (see Appendix A)
P sj,out =
Tr[Ωs(1 + σn)]
Tr[Ds(1 + σn)]
, (13)
The CSP can be written as a unified form for the ferromagnetic and SOI
semiconducting devices, in which the Ωf is a diagonal matrix and Ωs is a
non-diagonal matrix.
Generally speaking, BSP is not equal to CSP, P
f(s)
j,out 6= P f(s)g . We should em-
phasize that the transmission coefficient Ts is an intrinsic variable of devices
and is namely independent of the incident current, while the ts depends on
the incident current. Thus, the BSP measures the intrinsic spin polarization
of device, while the CSP depends on the spin polarization of incident current
and measures the global properties of spin polarization of the whole system. In
practice, the conductance cannot be measured directly, namely BSP cannot
be measured directly, while the CSP can be measured directly because the
current can be measured directly.[11]
Based on the general formulas in Eqs.(10)-(13), we can obtain some general
theorems on BSP and CSP.
Theorem I: For T σ = cT σ, where c is a complex variable and independent
of spin degree freedom, the P
f(s)
j,out and P
f(s)
g are independent of c. Namely,
P fg =
Tr(Ω¯f)
Tr(D¯f)
; P fj,out =
Tr[Ω¯f(1 + σn)]
Tr[D¯f(1 + σn]
;
P sg =
Tr[Ω¯s(1 + σx)]
Tr[D¯s(1 + σx)]
; P sj,out =
Tr[Ω¯s(1 + σn)]
Tr[D¯s(1 + σn)]
, (14)
where Ω¯f(s) = T †f(s)σzTf(s), and D¯f(s) = T †f(s)Tf(s). (Proof in Appendix C)
Theorem II: For T σ = cT σ, where c is a complex variable, diag(T ↑, T ↓) =
T = Tf , Ts = UT U †, Ts and Tf ∈ SU(2), then BSP and CSP are obtained
(Proof in Appendix D)
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P fg = 0; P
s
g =
1
2
Tr[σzTsσxT †s ], (15)
P
f(s)
j,out =
1
2
Tr[σzTf(s)σnT †f(s)],
These two theorems can help us to simplify the derivation of BSP and CSP
for concretes systems. We may focus our attention only on the factor of the
transmission coefficient that contributes to BSP and CSP.
Theorem III: The relationship between the BSP and CSP can be expressed
as,
P fj,out =
P fg + Pj,in
1 + P fg Pj,in
; P sj,out =
P sg + rΩ
1 + rD
(16)
where rΩ =
Tr[Ωs(σn−σx)]
Tr[Ds(1+σx)]
and rD =
Tr[Ds(σn−σx)]
Tr[Ds(1+σx)]
(Proof in Appendix E).
We can give the basic relationship between BSP and CSP from the theorem
III: (1) For the non-spin polarized incident current, Pj,in = 0, P
f
j = P
f
g and
σn = σx cos ξ+ σy sin ξ, if ξ = 2nπ, where n is an integer, we have P
s
j,out = P
s
g ;
(2) for the full-spin-polarized incident current,Pj,in = 1,σn = σz, we have
P fj = 1, and rΩ =
Tr[Ωs(σz−σx)]
Tr[Ds(1+σx)]
and rD =
Tr[Ds(σz−σx)]
Tr[Ds(1+σx)]
.
In general, the spin wavefunction for the SOI semiconducting device can be
written in the spinor representation, χ↑ = (cos θ/2,−eiϕ sin θ/2)⊤ and χ↓ =
(sin θ/2, eiϕ cos θ/2)⊤. The unitary transformation can be given as
U =


cos θ/2 sin θ/2
−eiϕ sin θ/2 eiϕ cos θ/2,

 (17)
where θ and ϕ are parameters depending on the Hamiltonian of the device.
Suppose that T σ = τσeiφ
σ
we can give the BSP from Eqs. (10) and (11)
P fg =
τ 2↑ − τ 2↓
τ 2↑ + τ
2
↓
(18)
P fj,out =
τ 2↑ − τ 2↓ + (τ 2↑ + τ 2↓ ) cos q
τ 2↑ + τ
2
↓ + (τ
2
↑ − τ 2↓ ) cos q
(19)
Using Eqs.(12) and (13), we can obtain the CSP, (Derivation in Appendix F)
P sg =
τ 2− cos θ − τ 2+bg cos θ + 2τ ↑τ ↓ag sin θ
τ 2+ − τ 2− sin θ cosϕ
, (20)
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P sj,out =
τ 2− cos θ − τ 2+bj cos θ + 2τ ↑τ ↓aj sin θ
τ 2+ + τ
2−[cos θ cos q − sin θ sin q cos(ϕ− ξ)]
(21)
where


ag
bg

 =


cos∆φ cos θ cosϕ− sin∆φ sinϕ
sin θ cosϕ

 (22)


aj
bj

 =


u cos∆φ− sin∆φ sin q sin(ϕ− ξ)
sin θ sin q cos(ϕ− ξ)− cos θ cos q

 (23)
and τ 2± = τ
↑2 ± τ ↓2, ∆φ = φ↑ − φ↓, and u = cos θ sin q cos(ϕ− ξ) + sin θ cos q.
The general formulas of BSP and CSP in Eqs. (18)-(21) describe the basic
properties of the spin-dependent electron transport in mesoscopic ferromag-
netic and SOI semiconductor systems. The BSP describes the intrinsic spin
polarized properties of devices, while the CSP describes the global spin polar-
ized properties of the whole system, including the incident-current amplitude
and phase differences. In this spinor representation, we can give


rD
rΩ

 = 1
ω


τ 2−(sin θ cosϕ− bj)
τ 2+c1 cos θ + 2τ
↑τ ↓c2 sin θ

 (24)
where ω = τ 2+ − τ 2− sin θ cosϕ and


c1
c2

 =


v1 sin θ + cos q cos θ
cos∆φ[cos q sin θ − v1 cos θ] + v2 sin∆φ

 (25)
where v1 = cosϕ− sin q cos(ϕ−ξ), and v2 = sinϕ− sin(ϕ−ξ) sin q. To further
study the basic properties of spin polarization in mesoscopic SOI systems, we
analyze several typical cases.
Case 1: For the non-spin polarized incident currents, Pj,in = 0, the CSP in
Eq. (21) becomes
P sj,out =
τ 2− cos θ − τ 2+bj cos θ + 2τ ↑τ ↓aj sin θ
τ 2+ − τ 2− sin θ cos(ϕ− ξ)
(26)
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where


aj
bj

 =


cos∆φ cos θ cos(ϕ− ξ)− sin∆φ sin(ϕ− ξ)
sin θ cos(ϕ− ξ)

 (27)


c1
c2

 =


v3 sin θ
v4 sin∆φ− v3 cos∆φ cos θ.

 (28)
where v3 = cosϕ − cos(ϕ − ξ), and v4 = sinϕ − sin(ϕ − ξ). It can be seen
that P sg 6= P sj,out generally even when Pj,in = 0 because of the phase effect
of incident current ξ. This is different from the ferromagnetic device. For the
in-phase cases, ξ = 2nπ where n is an integer, c1 = c2 = 0, and rΩ = rD = 0.
Hence P sj,out = P
s
g .
Case 2: For the full-spin polarized incident current, Pj,in = 1, the CSP can
be reduced to
P sj,out =
τ 2− cos θ + τ
2
+ cos
2 θ + 2τ ↑τ ↓ cos∆φσ sin2 θ
τ 2+ + τ
2− cos θ
, (29)


c1
c2

 =


sin θ cosϕ+ cos θ
cos∆φ(sin θ − cosϕ cos θ) + sin∆φ sinϕ

 (30)
Case 3: T σ = τeiφ
σ
, namely τ− = 0, the BSP and CSP in Eqs. (20) and (21)
can be simplified to,
P sg = ag sin θ − bg cos θ (31)
P sj,out = aj sin θ − bj cos θ (32)
where ag(j) and bg(j) are same to Eqs.(22) and (23) since they are independent
of τσ. The rD = 0 and rΩ = c1 cos θ + c2 sin θ, where c1(2) is same to Eq.
(25). Actually, many concrete systems belong to this case. For the non-spin
polarized incident current, Pj,in = 0, the aj, bj and c1(2) reduce to Eqs.(27)
and (28). For the full-spin polarized incident currents, Pj,in = 1, P
s
j,out =
cos∆φ sin2 θ+cos2 θ. The c1(2) reduce to Eq. (30). Similarly, P
s
g 6= P sj generally.
The spin-phase coherence of the incident current ξ plays some roles in CSP.
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Case 4: T σ = τσeiφ, namely ∆φ = 0, the P sg and P
s
j in Eqs.(20) and (21) still
hold, where


ag
bg

 =


cos θ cosϕ
sin θ cosϕ

 ; (33)


aj
bj

 =


cos θ sin q cos(ϕ− ξ) + sin θ cos q
sin θ sin q cos(ϕ− ξ)− cos θ cos q

 ; (34)


c1
c2

 =


sin θ[cosϕ− sin q cos(ϕ− ξ)] + cos q cos θ
cos q sin θ + [cos(ϕ− ξ) sin q − cosϕ] cos θ

 . (35)
For the non-spin polarized incident currents, Pj,in = 0, the P
s
j,out also reduces
the Eq. (26), where aj = cos θ cos(ϕ−ξ); bj = sin θ cos(ϕ−ξ); c1 = sin θ[cosϕ−
cos(ϕ − ξ)], and c2 = [cos(ϕ − ξ) − cosϕ] cos θ. For the full-spin polarized
incident currents, Pj,in = 1, the P
s
j,out is same to the Eq. (29), where c1 =
sin θ cosϕ + cos θ and c2 = sin θ − cosϕ cos θ. This formalism gives the basic
properties of BSP and CSP, and their relationship.
3 Typical device models
3.1 Ferromagnetic nano wires
We first consider a ferromagnetic one-dimensional nano wire. The reduced
Hamiltonian can be written as
H = k2x + σ∆F (36)
where σ = ±1 for spin-up and -down states and ∆F is the spin-split energy
gap. The eigenenergy can be given as εσ = k
2
x + σ∆F , and its corresponding
spin wavefunction is χσc = (1 + σ, 1 − σ)⊤/2. Using the wavefunction in Eq.
(7) with the spin-dependent Griffth boundary condition[12], we obtain the
transmission coefficient,
T σ =
e−ikFL
cos(kσL)− κσF sin(kσL)
(37)
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where L is the length of the central nanowire device, and κσF =
1
2
( k
σ
kF
+ kF
kσ
),
and kσ =
√
k2F − σ∆F . Thus, we can obtain P fg from Eq. (10).
P fg =
Cs,− + Sn,− + Sn2
Cs,+ + Sn,+ − Sn2 (38)
where
Cs,±=cos
2(k↓L)± cos2(k↑L)
Sn,±= κ
↓2
F sin
2(k↓L)± κ↑2F sin2(k↑L) (39)
Sn2= κ
↑
F sin(2k
↑L)− κ↓F sin(2k↓L).
The CSP P fj,out can be obtained from Eq. (16) straightforwardly.
3.2 Semiconducting nano wires
The second typical example is the one-dimensional Rashba SOI nanowire. The
reduced Hamiltonian can be written as [9]
H = (px − α
2
σy)
2 (40)
where α = 2αm
~2
is the reduced Rashba strength. The eigenenergy can be given
as εσ = (kx + σ
α
2
)2, and its corresponding wavefunction is ψσnλ =
1√
2π
eik
σ
λ
xχσc ,
where the spinor wavefunction is χσc =
1√
2
(1,−σi)T , where σ = ± labels spin
states and λ = ± labels the direction of electron motion. Similarly, we can
obtain the transmission coefficient in the spinor basis, T σ = ceiσαL/2 where
c = e
−ikF L
cos(kL)−iκ sin(kL) where κ =
1
2
( k
kF
+ kF
k
) and k =
√
k2F +
α2
4
. Notice that
θ = ϕ = π/2 and ∆φ = αL, the CSP can be obtained
P sj,out = cosαL cos q + P
s
g cos ξ sin q, (41)
where the BSP is P sg = − sin(αL). It can be seen that BSP P sg depends only on
the intrinsic variables of the device, reduced Rashba constant α and the length
of nanowire L, while the CSP P sj depends on both of the intrinsic variables
and the incident current.
For the non-spin polarized incident current cos q = 0, P sj,out = P
s
g cos ξ. Namely,
the spin-phase coherence ξ modulates the CSP. If ξ = 2nπ, P sj = P
s
g . For the
full-spin-polarized incident current Pj,in = 1, P
s
j,out = cos(αL), which has−π/2
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phase shift to P sg . For the cases of in-phase or anti-phase, namely ξ = 2nπ
or ξ = (2n+ 1)π, P sj,out = cos(αL± q). Interestingly, these results imply that
the non-spin-polarized incident current can be polarized by the Rashba SOI
nanowire. Reversely, the spin-polarized incident current can be destroyed by
some specific parameters ξ, α, and L. These results provide us a method to
control the CSP P sj by designing the length L and tuning the SOI strength of
the nanowire.
3.3 Semiconducting nano rings
The third typical nano device model is the mesoscopic Rashba ring with two
electrodes. Its reduced Hamiltonian is[13,14]
H = (−i ∂
∂ϕ
+
αR
2
σr)
2 (42)
where σr = σx cosϕ + σy sinϕ, α =
2αm∗
~2
is the reduced Rashba strength,
and R is the radius of the ring. The eigenenergy εσnλ = (n
σ
λ +
Φσ
AC
2π
)2, where
ΦσAC = −π(1 − σ
√
1 + α¯2R2) is the AC phase and nσλ is determined by the
energy matching between the ring and leads, which satisfy nσ++n
σ
− =
Φσ
AC
π
and
nσ+−nσ− = 2kR. The wavefunction is ψσnλ = 1√2πein
σ
λ
ϕχσ(ϕ), where χσ(ϕ) is the
spinor wavefunction.[15] χσ =
(
sin 2θ+π(σ+1)
4
, eiϕ cos 2θ+π(σ+1)
4
)⊤
, where λ = ±1
represents electronic moving direction. We consider that the angle between two
electrodes is π. Using the similar method, the transmission coefficient can be
expressed in terms of T σ = cT σ,[15,16,17] where
c =
4i sin(kRπ) sin(∆AC/2)
sin2(kRπ)− 2 cos∆AC − 2e−i2kRπ (43)
is the spin-independent factor, and ∆AC = π
√
1 + α¯2R2. The spin-dependent
factor is T σ = σ. It should be noted that Ts = U(ϕ)TU(0)† for the ring device,
where ϕ is the angle between two leads. For the specific case, ϕ = π, we have
Ωs = σz cos 2θ − σx sin 2θ. The CSP can be obtained
P sj,out = cos 2θ cos q + P
s
g sin q cos ξ (44)
where P sg = − sin 2θ. For the non-spin polarized incident current Pj,in = 0,
P sj,out = P
s
g cos ξ. Similarly to the nanowire case, the spin-phase coherence ξ of
incident current modulates the CSP. When ξ = 2nπ, P sj,out = P
s
g . For full-spin
polarized incident current, Pj,in = 1, the CSP, P
s
j,out = cos(2θ), has a −π/2
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phase shift to BSP. For the in-phase or anti-phase case, ξ = 2nπ or (2n+1)π,
P sj,out = cos(2θ ± q). For ξ = (2n+ 1)π/2, P sj,out = cos 2θ cos q.
Notice that tan θ = α¯R, P sj,out depends on the radius of ring R, the SOI
strength α¯, and the incident current parameters ξ and q. For a given incident
current, ξ and q, the P sj,out can be tuned by the SOI strength α¯ and the
geometric parameters of the ring R. Thus, we have quite large space to tune
the spin polarization of outgoing current by designing the geometry of the
ring and tuning the SOI strength through applied electric field. Similarly,
the incident current can be polarized and also destroyed for some specific
parameters.
4 Discussion and conclusion
It should be pointed out that the basic results are qualitatively invariant for
Dresselhaus SOI and the finite width belts and rings. For the Dresselhaus
ring, it has been found that the transport properties of the spin-dependent
currents are very similar to that of the Rashba ring.[9] For the finite-width
belts and rings,[18] mobile electrons have many transport channels that mod-
ify the detail properties we obtain here, but the CSP of incident current can
be still tuned by the finite-width belts and rings even though we cannot obtain
the analytic formula of P sj,out. Interestingly, for many-electron systems, when
the incident current is spin-phase-coherent, namely the spin-phase difference
〈cos ξ〉 6= 0, the interference effect induced by the spin-phase coherence mod-
ulates the CSP. For the non-spin-coherent incident current, 〈cos ξ〉 = 0, the
spin-phase effect of the incident current vanishes.
In summary, we establish a general formalism of BSP and CSP, which is ap-
plicable for both mesoscopic ferromagnetic and SOI semiconducting systems.
Based on the formalism, we reveal the basic properties of BSP and CSP and
their relationships, which clearly indicates that they are in general different
and reflecting the different physical aspects. The BSP depends only on the
intrinsic variables of the device, such as the geometric parameter of device
and SOI strength or ferromagnetic parameter of device. Thus, the BSP de-
scribes the intrinsic spin polarized properties of the device. The CSP depends
on both of intrinsic parameters of device and the incident current. It describes
the global spin-polarized properties of whole system. The spin-phase coher-
ence of the incident current plays an interference effect and modulates the
CSP. For the non-spin polarized incident current with the in-phase spin-phase
coherence, CSP equals to BSP. The analytical BSP and CSP of several typical
nano device models, ferromagnetic nano wire, Rashba nano wire and rings,
exhibit basic physical behaviors of BSP and CSP and their relationships. Our
study of spin polarization helps us to identify a fact that, when we design
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a spintronics device, we have to consider the global effect which is obviously
important in integrated circuit and these results also provide some hints to
design practical spintronics devices.
Acknowledgments: We thank Paul Erdos for helpful discussions. This work
was supported financially by the Fundamental Research Funds for the Central
Universities.
5 Appendixes
5.1 Derivation of Eqs. (11) and (13)
Notice that for any 2 × 2 matrix X and 2-row vector α, we have α†Xα =
Tr(Xα⊗ α†). For αf(s) = (A↑f(s), A↓f(s))⊤,where A↑f(s) = |A↑f(s)|eiξ↑ = eiξ↑ cos q2 ,
and A↓f(s) = |A↓f(s)|eiξ↓ = eiξ↓ sin q2 , we can obtain αf(s) ⊗ α†f(s) = (1 + σn)/2.
Thus,
P
f(s)
j,out=
|T ↑f(s)|2|A↑f(s)|2 − |T ↓f(s)|2|A↓f(s)|2
|T ↑f(s)|2|A↑f(s)|2 + |T ↓f(s)|2|A↓f(s)|2
=
α†f(s)Ω
f(s)αf(s)
α†f(s)D
f(s)αf(s)
=
Tr(Ωf(s)αf(s) ⊗ α†f(s))
Tr(Df(s)αf(s) ⊗ α†f(s))
=
Tr[Ωf(s)(1 + σn)]
Tr[Df(s)(1 + σn)]
. (45)
where Ωf(s) = T †f(s)σzTf(s), and D
f(s) = T †f(s)Tf(s).
5.2 Derivation of Eq. (12)
Notice that T ↑s = Ts,11+Ts,12, T
↓
s = Ts,21+Ts,22, Ω
s = T †s σzTs and D
s = T †s Ts,
we have
P sg =
|T ↑s |2 − |T ↓s |2
|T ↑s |2 + |T ↓s |2
=
∑
i,j Ω
s
ij∑
i,j D
s
ij
=
Tr[Ωs(1 + σx)]
Tr[Ds(1 + σx)]
, (46)
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5.3 Proof of theorem I
Proof: For T σf(s) = cT σf(s), where c is a complex variable, Ωf(s) = T †f(s)σzTf(s) =
|c|2T †f(s)σzTf(s), and Df(s) = T †f(s)Tf(s) = |c|2T †f(s)Tf(s). Substituting the two
expressions into Eqs.(12) and (13) and canceling |c|2, we can obtain Eq. (14)
5.4 Proof of theorem II
Proof: For T σ = cT σ, where c is a complex variable; Ts and Tf ∈ SU(2),
Notice that Ωf(s) = T †f(s)σzTf(s) = |c|2T †f(s)σzTf(s), and Df(s) = T †f(s)Tf(s) =
|c|2T †f(s)Tf(s) = |c|2I.
P fg =
Tr(Ωf)
Tr(Df)
=
|c|2Tr(T †f σzTf )
|c|2Tr(T †f Tf)
=
Tr(σzTfT †f )
2
=
Tr(σz)
2
= 0. (47)
P sg =
Tr[Ωs(1 + σx)]
Tr[Ds(1 + σx)]
=
|c|2Tr[T †s σzTs(1 + σx)]
|c|2Tr[T †s Ts(1 + σx)]
=
Tr[σzTs(1 + σx)T †s ]
Tr[T †s Ts] + Tr[T †s Tsσx]
=
Tr[σzTsT †s ] + Tr[σzTsσxT †s ]
Tr[T †s Ts]
=
Tr[σzTf(s)σxT †s ]
2
, (48)
P sj,out=
Tr[Ωs(1 + σn)]
Tr[Ds(1 + σn)]
=
|c|2Tr[T †s σzTs(1 + σn)]
|c|2Tr[T †s Ts(1 + σn)]
=
Tr[σzTs(1 + σn)T †s ]
Tr[T †s Ts] + Tr[T †s Tsσn]
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=
Tr[σzTsT †s ] + Tr[σzTsσnT †s ]
Tr[T †s Ts]
=
Tr[σzTf(s)σnT †s ]
2
, (49)
5.5 Proof of theorem III
Proof: For ferromagnetic devices, the CSP can be written as
P fj,out=
Tr[Ωf (1 + σn)]
Tr[Df(1 + σn)]
=
Tr(Ωf) + Tr(Ωfσn)
Tr(Df) + Tr(Dfσn)
=
Tr(Ωf)/Tr(Df) + Tr(Ωfσn)/Tr(D
f)
1 + Tr(Dfσn)/Tr(Df)
, (50)
Notice that Tr(Ωfσn) = (T
↑2+T ↓2) cos q, Tr(Df) = T ↑2+T ↓2, and Tr(Dfσn) =
Tr(Ωf) cos q, we obtain
P fj,out=
P fg + cos q
1 + P fg cos q
=
P fg + Pj,in
1 + P fg Pj,in
(51)
For SOI semiconducting devices, the Ωs and Ds are not diagonal matrix. We
can separate the trace of the matrix
P sj,out=
Tr[Ωs(1 + σn)]
Tr[Ds(1 + σn)]
=
Tr[Ωs(1 + σx)] + Tr[Ω
s(σn − σx)]
Tr[Ds(1 + σx)] + Tr[Ds(σn − σx)]
=
P sg + rΩ
1 + rD
, (52)
where P sg =
Tr[Ωs(1+σx)]
Tr[Ds(1+σx)]
, rΩ =
Tr[Ωs(σn−σx)]
Tr[Ds(1+σx)]
, and rD =
Tr[Ds(σn−σx)]
Tr[Ds(1+σx)]
.
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5.6 Derivation of Eqs. (20) and (21)
In general, for Rashba and Dresslhous models, the spin wavefunction can ex-
pressed in terms of the spinor basis, χ↑ = (cos θ/2,−eiϕ sin θ/2)⊤ and χ↓ =
(sin θ/2, eiϕ cos θ/2)⊤. The transmission coefficient is Ts = UTU † = T ↑µ1 +
T ↓µ2 +Rµ3, where R = 12(T
↑ − T ↓) sin θ and
µ1=


cos2 θ/2 0
0 sin2 θ/2

 ;
µ2=


sin2 θ/2 0
0 cos2 θ/2

 ; (53)
µ3=


0 e−iϕ
eiϕ 0

 ;
U =


cos θ/2 sin θ/2
−eiϕ sin θ/2 eiϕ cos θ/2

 . (54)
It is straightforward that we have
Ωs = T
†
sσzTs = |T ↑|2ς1− + |T ↓|2ς2− − Z−σz + d1̟1− + d2̟2−, (55)
Ds = T
†
sTs = |T ↑|2ς1+ + |T ↓|2ς2+ − Z+σz + d1̟1+ + d2̟2+, (56)
where Z± = |R|2 ± (T ↑∗T ↓ + T ↓∗T ↑) cos2 θ2 sin2 θ2 ; d1 = T ↑∗R − R∗T ↓; d2 =
T ↓∗R −R∗T ↑, and
ς1±=


cos4 θ/2 0
0 ± sin4 θ/2

 ; (57)
ς2±=


sin4 θ/2 0
0 ± cos4 θ/2

 ; (58)
̟1±=


0 cos2 θ/2e−iϕ
± sin2 θ/2eiϕ 0

 ; (59)
16
̟2±=


0 sin2 θ/2e−iϕ
± cos2 θ/2eiϕ 0

 . (60)
Using above equations we can give straightforwardly Eqs. (20) and (21).
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